We study the finite-temperature behavior of the integrable spin-1/2 XXZ periodic chain with an impurity by the algebraic and thermal Bethe ansatz methods. Through the graphs of the impurity entropy versus temperature we show that the impurity spin effectively vanishes through the many-body effect in the bulk chain if pseudo-decoupling of the impurity spin occurs in which the exchange interactions between the impurity and other spins are very small, while in low temperature it couples strongly to them such as the Kondo effect. Thus, we observe not only the crossover from the high-to the low-temperature regime but also another one from the N -site to the (N − 1)-site chain with effective freezing of the impurity spin. We evaluate the impurity local magnetization at zero temperature analytically, and show how easily the impurity spin becomes saturated even with an infinitesimally small magnetic field when it is pseudo-decoupled. Furthermore we show universality that the Wilson ratio at low temperature is independent of the impurity parameter if its absolute value is small, and the universality class is described by the XXZ anisotropy in terms of the dressed charge. *
Introduction
Several decades have passed since the Kondo effect was discovered experimentally in the 1930s [1] and was first explained theoretically in the 1960s [2] . However, the Kondo problem and related subjects are still quite attractive in both theoretical and experimental studies [3, 4, 5] . Quantum impurity systems show universal critical behavior at low temperature, which is characterized by the ratio of the impurity magnetic susceptibility χ imp to the impurity specific heat c imp with temperature T [6] r = π We call it the Wilson ratio. It was exactly shown by the Bethe ansatz that it is given by 2 for the Kondo model [7, 8] .
The effect of an impurity embedded in a one-dimensional interacting quantum system or in a Tomonaga-Luttinger liquid [9] has been one of the most attractive topics during the 1990s and also in the last decade. It has been investigated in a variety of systems by different methods such as renormalization group techniques [10, 11, 12] , conformal field theories (CFT) [13, 14] , numerical techniques with CFT [15, 16] , and the Betheansatz method [17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . Recently, it is studied by functional renormalization group [27] and also experimentally in a quasi-one-dimensional conductor [28] . However, it is still rare that the finite-temperature thermodynamic behavior is explicitly and exactly shown by a theoretical method for a large but finite lattice system without making any approximation or assumption.
In this paper we show explicitly the finite-temperature behavior of an integrable model of the spin-1/2 XXZ periodic chain with a spin-1/2 impurity. We remark that the spin part of the Kondo model is quite similar to the Heisenberg spin chain, i.e. the XXX model. It is thus interesting to study the integrable spin-chains with the spin-1/2 impurity which are solved by the Bethe ansatz. In the XXZ impurity model we investigate exactly the effect of an impurity embedded in the interacting quantum spin chain similarly as the Kondo model. Schlottmann studied the integrable spin-S XXZ spin chain with one spin-S ′ impurity [23] in association with the multi-channel Kondo effect [18, 19, 25] . The spin-1/2 impurity in the open spin-1/2 XXX chain was studied by Frahm and Zvyagin [21] and it was shown that the Kondo-like temperature exists, while the periodic XXZ chain with an impurity was studied by Eckle et al. [20] . However, the analytic expressions of the impurity magnetization and the impurity specific heat at low temperature in Ref. [23] are not accurate enough to evaluate the Wilson ratio correctly. They are not consistent with the numerical estimates evaluated by solving the Bethe ansatz equations, in particular, when the impurity parameter is small. Moreover, the crossover temperature has not been evaluated numerically, while its analytic expression [23] is not appropriate. The thermodynamic behavior of the spin-1/2 impurities in the spin-1/2 XXZ chain was shown in Ref. [24] for several distributions of the impurity parameters, and in the homogeneous case the results are consistent with ours. In the present paper we show how the thermodynamic behavior of the single spin-1/2 impurity depends on the impurity parameter. Although it looks simpler than that of many impurities, it is still nontrivial and interesting from the viewpoint of universality and the crossover from the N-site to the (N − 1)-site chain.
We consider the integrable model of the spin-1/2 XXZ periodic chain with a spin-1/2 impurity, i.e., the case of S = S ′ = 1 2 in the XXZ impurity model of Ref. [23] , and investigate the finite-temperature behavior of the integrable XXZ impurity model by numerically solving the truncated integral equations of the thermal Bethe ansatz [29, 30, 31, 32] . We evaluate the specific heat and entropy numerically by solving them. Then, by plotting graphs of the impurity specific heat and entropy versus temperature we show that the impurity-spin degree of freedom effectively vanishes through pseudo-decoupling from other spins, while in low temperature it couples strongly to them such as the Kondo effect. Here, if the exchange coupling between the impurity spin and other spins is very small, we call it pseudo-decoupling. It occurs in the present model when the absolute value of the impurity parameter is very large. We derive the impurity susceptibility at zero temperature analytically by the Wiener-Hopf method, and give an analytic expression for the impurity specific heat at low temperature. We also evaluate the impurity susceptibility numerically by solving the Bethe ansatz equations, and confirm that the analytic expression is valid when the absolute value of the impurity parameter is small. We then show that the Wilson ratio at low temperature is independent of the impurity parameter and the universality class is described by the XXZ anisotropy through the dressed charge when the absolute value of the impurity parameter is small.
We evaluate the local magnetization at the impurity site under a given small magnetic field at zero temperature and derive an analytic expression by the algebraic Bethe ansatz method. It is consistent with the impurity susceptibility derived through the Bethe ansatz equations. We thus confirm that the identification of the impurity contribution to the susceptibility is valid. Moreover, we show how easily the impurity spin becomes saturated even with an infinitesimally small magnetic field if pseudo-decoupling occurs.
Let us denote the Hamiltonian of the XXZ spin chain with the spin-1/2 impurity consisting of N sites by H N (x), which depends on the impurity parameter, x. If the absolute value of the impurity parameter, |x|, becomes large, the exchange coupling of the impurity spin to neighboring spins becomes small, and hence the Hamiltonian of the N-site chain is decomposed into that of the (N − 1)-site chain, H N −1 (x), and that of the impurity site, H imp , as follows.
energy eigenvalues which are close to the ground-state energy under the magnetic field h within the order of 1/N is larger than that of a down spin, if M < N/2. Here we remark that the number of such eigenstates that have energies close to the ground state energy should increase if the number of down spins in the bulk chain increases when M < N/2, and also that in the sector of M down spins the number of down spins in the bulk part is given by M if the impurity spin is up, while it is given by M − 1 if the impurity spin is down. We thus suggest that the impurity spin tends to be given only by an up spin and all the M down-spins on the whole chain tend to be located on the (N − 1)-site chain if the absolute value of the impurity parameter is very large, that is, if pseudo-decoupling of the impurity spin occurs. We thus have the crossover from the N-site chain to the (N − 1)-site chain with no flipping impurity spin, as a consequence of the many-body effect in the XXZ spin chain. We also call it the effective freezing of the impurity spin if the impurity spin does not flip when it is pseudo-decoupled from other spins.
In the XXX case of the integrable impurity model the Wilson ratio has been evaluated numerically and systematically by applying the quantum transfer-matrix method [22] , in which it is necessary to consider logarithmic corrections for the magnetization in low temperature due to the SU(2) symmetry [33] . In the XXZ impurity model, however, it is not necessary to consider logarithmic corrections, and hence it is easier to derive the susceptibility at a very low temperature.
The contents of the present paper consist of the following. In section 2, we introduce the spin-1/2 XXZ chain with a spin-1/2 impurity and give an explicit expression of the Hamiltonian in terms of the spin operators. We show that the impurity spin operator becomes separate from the other spin operators, i.e., pseudo-decoupling occurs, if we send the absolute value of the impurity parameter to infinity. In section 3 we derive an analytic solution to the ground state under a weak magnetic field by the Wiener-Hopf method and show an analytic expression of the impurity susceptibility at zero temperature when the absolute value of the impurity parameter is small. We evaluate the local magnetization at the impurity site by the algebraic Bethe ansatz analytically. We also confirm the analytical results with numerical plots. We also evaluate numerically the impurity susceptibility at zero temperature by solving the Bethe-ansatz equations. In section 4 we evaluate the impurity specific heat by numerically solving the truncated integral equations of the thermal Bethe ansatz and show the finite-temperature behavior of the XXZ impurity model, explicitly: The impurity spin tends to vanish if the absolute value of the impurity parameter is large, which is clearly seen in high temperature particularly, while it couples strongly to them in low temperature, that is, the Kondo effect appears. We also give an analytic expression of the impurity specific heat at low temperature for small absolute values of the impurity parameter. We numerically determine the crossover temperature from the high-to low-temperature regimes as a function of the impurity parameter and give a good fitting formula to the data. In the last section, we derive analytically the universal value of the Wilson ratio at low temperature for small absolute values of the impurity parameter, and express it in terms of the dressed charge of the XXZ spin chain. We also evaluate the Wilson ratio numerically, and confirm that universality is described by the dressed charge [34] of the XXZ spin chain in the case of small absolute values of the impurity parameter.
Integrable model of an impurity 2.1 An inhomogeneous transfer matrix of the XXZ spin chain
We now introduce one of the integrable XXZ models with a spin-1/2 impurity through the algebraic Bethe ansatz. Let V 0 , V 1 , . . . , V N be two-dimensional vector spaces over complex numbers C. Here we denote by N the number of sites on the XXZ spin chain. We call V 0 the auxiliary space and the tensor product V 1 ⊗ · · · ⊗ V N the quantum space, where V j corresponds to the jth site of the XXZ spin chain for j = 1, 2, . . . , N. On the tensor product V 0 ⊗ V n we define the R-matrix by
Here the suffix [0, n] means that the matrix is defined for the tensor product V 0 ⊗ V n . We define the transfer matrix of the spin-1/2 XXZ spin chain by the trace of the Nth product of the R matrices R 0j (λ − ξ j ) for j = 1, 2, . . . , N, over the auxiliary space 0:
where ξ j (j = 1, 2, . . . , N) are arbitrary. We call them the inhomogeneity parameters. The functions b(λ) and c(λ) are given by
where ϕ(λ) = sinh λ and ∆ = cos ζ with 0 < ζ ≤ π in the gapless regime of the XXZ spin chain. We consider only the gapless regime throughout the paper,.
Definition of the XXZ chain with an impurity: H XXZ (x)
We now define the Hamiltonian of the impurity model, H XXZ (x). We assume that only the 1st site has a different value for the inhomogeneity parameter ξ 1 :
while the inhomogeneous parameters of the other sites ξ j for j = 2, 3, . . . , N, have the same value iζ/2. Here we assume that the impurity parameter x is real. We define the Hamiltonian of the impurity model, H XXZ (x), by the logarithmic derivative of the transfer matrix of the spin-1/2 XXZ chain as follws.
By putting x = 0 (i.e., x → 0), the Hamiltonian H XXZ (x) reduces to the standard homogeneous spin-1/2 XXZ Hamiltonian, which has no impurity. It is clear that the Hamiltonian (2.5) is integrable. It is a consequence of the construction in terms of the algebraic Bethe ansatz. Let M be the number of down spins. The Bethe-ansatz equations (BAE) for the impurity Hamiltonian (2.5) are given by 6) where I l are called the Bethe quantum numbers, and they are integers or half-integers according to the following rule:
Here the functions θ n (z) are given by
We remark that in the special case, i.e. for the XXX model with x = 1, the BAEs (2.6) are similar to the Kondo model. By solving the Bethe-ansatz equations (2.6), we can evaluate the energy of the Bethe ansatz eigenvector with M down spins. Let z ℓ be a solution of the Bethe ansatz equations (2.6). The energy for the eigenstate with Bethe roots z ℓ is expressed in terms of the set of Bethe roots z i as
We remark that the energy depends on the impurity parameter x, since the solutions z j contain the information of x, though it does not appear explicitly.
Expression of H XXZ (x) in terms of local spin operators
We now present an explicit expression of the XXZ Hamiltonian with a spin-1/2 impurity, H XXZ (x), defined by eq. (2.5) in terms of the local spin operators. The expression is useful for confirming analytic results. Making use of the explicit expression of H XXZ (x) we can perform the exact diagonalization of the Hamiltonian (2.5), and compare numerical results with analytic or numerical results which are obtained by solving the Bethe ansatz equations (2.6).
Through a direct but straightforward calculation we obtain the following compact expression of H XXZ (x) in terms of local spin operators S ± j and S z j . 10) where the symbols b ± and c ± are given by
Here, the spin operators S ± j and S z j are expressed in terms of the Pauli matrices as follows.
Some details of the derivation of (2.10) are given in Appendix A. We remark that the XXZ Hamiltonian with the spin-1/2 impurity, H XXZ (x), given in eq. (2.10) is Hermitian when the impurity parameter x is real.
In the cases of N ≦ 10 we have confirmed explicitly that the lowest energy level of the XXZ Hamiltonian with the spin-1/2 impurity (2.10) is completely consistent with the eigenvalue evaluated through eq. (2.9) from the ground-state solution of the Bethe ansatz equations. We therefore assume that the quantum numbers I ℓ of the ground state do not change under the existence of the impurity. They are given by
We can confirm this assumption by directly diagonalizing the XXZ Hamiltonian with an impurity for a larger number of sites. We should remark that the integrable model of an impurity (2.5) corresponds to the spin- 1 2 case of the integrable XXZ model with the spin-1/2 impurity studied by Schlottmann [23] . Here we recall that the spin part of the Kondo model [5] is similar to the spin-1/2 XXX chain.
Pseudo-decoupling of the impurity spin for large |x|
If one takes the limit x → ∞, the Hamiltonian (2.10) reduces to
14)
The impurity spin, i.e., the spin operators defined on the 1st site such as S ± 1 and S z 1 , appears only in the last term of the reduced Hamiltonian in eq. (2.14). The exchange coupling of the impurity spin to the neighboring spins vanishes in H XXZ (∞). In terms of eq. (1.2) the bulk part H N −1 (0) and the impurity part H imp (0) corresponds to the first two lines and the third line of the right-hand side of (2.14), respectively. If one takes the XXX limit (∆ → 1), the terms associated with the impurity site vanish. The Hamiltonian now reduces to the homogeneous spin-1/2 XXX Hamiltonian defined on the N − 1 sites from site 2 to site N:
However, even if the impurity spin is pseudo-decoupled from other spins, it is not independent of other spins due to the many-body effect in the bulk chain. Here we recall that if the exchange interactions of the impurity spin with other spins are very small but nonzero, we call it pseudo-decoupling of the impurity spin.
Under a magnetic field, h > 0, the number of down spins, M, becomes smaller than that of the half-filling case, i.e., M < N/2. Let us assume that when the impurity spin is pseudo-decoupled from other spins, we can effectively define the energy of the bulk part H N −1 (0) for the eigenstates with M down spins in the bulk chain and denote it by E bulk N −1 (M). We then suggest that any down spin on the impurity site will be attracted to the bulk chain since the bulk energy decreases as the number of down spins in the bulk increases:
due to the anti-ferromagnetic interactions. Here the energy reduction is of the order of 1/N.
We give a conjecture that in a sector of M down spins in the whole chain, the number of such eigenstates that have an up spin on the impurity site and have the energy eigenvalues close to the ground-state energy under the magnetic field h within the order of 1/N, is much larger than that of a down spin on the impurity site, if M ≤ N/2. For instance, in the sector of M = 2, the number of such eigenstates that have an up spin on the impurity site is given by N C 2 = N(N − 1)/2 while the number of such eigenstates that have a down spin on the impurity site is given by N C 1 = N. The former is (N − 1)/2 times larger than the latter. Here, for simplicity, we have assumed that all the energy eigenvalues are almost equal to the ground-state energy under the magnetic field h within the order of 1/N. In general, we assume that the number of such eigenstates that have energies close to the ground state energy within the order of 1/N should increase if the number of down spins in the bulk chain increases when M < N/2. We remark that in the sector of M down spins the number of down spins in the bulk part is given by M if the impurity spin is up, while it is given by M − 1 if the impurity spin is down.
Thus, from the viewpoint of the energy reduction and the increase in the number of eigenstates with an up spin on the impurity site, we suggest that the impurity spin tends to be given by an up spin and all the M down-spins on the whole chain tend to be located on the (N − 1)-site chain for any number M of down spins even in finite temperatures if pseudo-decoupling occurs under a magnetic field.
We thus have the crossover from the N-site chain to the (N − 1)-site chain with no flipping impurity spin, as a consequence of the many-body effect in the XXZ spin chain. We recall that we call it the effective freezing of the impurity spin if the impurity spin does not flip when it is pseudo-decoupled from other spins.
We show effective freezing of the impurity spin for large absolute values of x in the graphs of the impurity specific heat in §4.
3 Magnetic susceptibility due to impurity
The Bethe anzatz equations with an impurity
We shall calculate the magnetic susceptibility by adding a small magnetic field h to the Hamiltonian defined by (2.5):
We recall that the Hamiltonian H XXZ (x) is expressed explicitly in terms of spin operators in (2.10). Let us assume that the Bethe quantum numbers I ℓ of the ground state do not change under the existence of the impurity. By taking the thermodynamic limit of the BAE (2.6) through the Euler-Maclaurin formula, we derive the following inregral equation:
Here parameter B denotes the Fermi point determined by the magnetic field h, and ρ(z, x) the density of the Bethe roots in the ground-state solution of the BAE (2.6), where functions a n (z) for n = 1, 2, . . . , are defined by
We remark that we have the infinite Fermi point, B = ∞, for h = 0. We define the Fourier transform of a given function f (z) bỹ
Let us denote by ρ 0 (z, x) the root density for the ground-state solution of the BAE with no magnetic field for (2.5). We now derive the analytic expression of ρ 0 (z, x). By taking the Fourier transform of the following integral equation
we haveρ
Taking the inverse transform of (3.6), one finds
In the case of x = 0, it reduces to the bulk density, σ 0 (z), which is given by
Hereafter we shall sometimes abbreviate ρ(z, x) and ρ 0 (z, x) as ρ(z) and ρ 0 (z), respec- Figure 1 : Root densities ρ 0 (z, x) and σ 0 (z) of the solution of the Bethe-ansatz equations for N = 50 and ∆ = 0.6. ρ 0 (z, x) (x = 3) with an impurity (red curve); σ 0 (z) (x = 0) with no impurity (blue curve). Note that the red curve has a small peak at z = −x = −3.
tively.
Let us evaluate the largest value of the impurity parameter x for which thermodynamic expressions are valid. We shall compare several numerical data obtained for the system of a finite number of N with such analytic expressions that are derived in the thermodynamic limit. We approximately estimate it by setting σ 0 (x) > 1/N. If the root density is smaller than 1/N, then the continuous approximation to the discrete distribution of the Bethe roots should be not good. From Fig. 1 we have x = 1.2 for N = 50.
Let us introduce a function R(z) by
or equivalently byã
Multiplying R(z − z ′′ ), the integral equation (3.2) and (3.5) are merged into the following:
In the Wiener-Hopf method the integral equation (3.12) plays a fundamental role. We denote by s z (x) the magnetization per site under magnetic field h. We shall give the relation between the Fermi point B and the magnetic field h by the Wiener-Hopf method in §3.2. Let us recall that the energy eigenvalue of the Hamiltonian H XXZ (x) is given by
We consider the difference of the ground-state energy per site under magnetic field h from that of no magnetic field, and we denote it by e(x). Then, physical quantities such as s z (x) and e(x) are written in terms of the inetgrals of the root density ρ(z) as follows.
Hereafter, we shall often abbreviate the magnetization per site and the energy per site simply as the magnetization and the energy, respectively.
Wiener-Hopf integral equation with an impurity
Let us define function y(z, x) by
By making use of the invariance of eq. (3.2) under the replacement of z and x by −z and −x, respectively, we show the following relation:
We define functionsy ± (k, x) by
Here H(z) is the Heaviside step function: H(z) = 1 for z > 0 and H(z) = 0 for z < 0. In terms of functions y(z, ±x) the integral equation (3.51) is now expressed as follows.
Let us now assume that the Fermi point B is very large. The magnetization and the energy are expressed in terms of functionsy ± (k, x) as follows.
Here we recall that eq. (3.22) is valid only for large values of B: exp(−πB/ζ) ≪ 1. It is known that integral equations such as eqs. (3.19) and (3.20) can be solved by the Wiener-Hopf method (see [5] , [36] , [32] ). In the following analysis we neglect the terms with R(z +z ′ +2B) in eqs. (3.20) since the corrections from them are negligible for h ≪ 1. Expressing k n = πi(2n + 1)/ζ for n ∈ Z, we thus havȇ
where functions G ± (k) are given by
with γ = π/ζ, and by the following relation:
Then we have
However, the Fermi point B remains unknown, yet. It is determined as a function of h by the following condition:
We therefore have
(3.29)
The relation between the Fermi point B and the magnetic field h is shown explicitly in 2). The cut-off B goes to infinity in the limit of h → 0. However, it dramatically decreases to values such as 2 or 3, which are not very large, when h becomes nonzero such as h = 10 −3 . By comparing Figure 2 with the profile of the root density ρ 0 (z) shown in Fig. 1 , we suggest that the Wiener-Hopf method is valid only when the impurity parameter x is small enough such as |x| < 1 so that the small peak at z = −x in the root density ρ 0 (z) is located in the interval between the Fermi point z = −B and the origin z = 0.
3.3
Impurity susceptibility at zero temperature
Recall that the symbol s z (x) denotes the magnetization per site in the XXZ spin chain which has the spin-1/2 impurity with impurity parameter x. Through the Wiener-Hopf method the magnetization per site s z (x) is given by
Here, the magnetic field h is very small, so that only linear terms of h may appear. Let us define the magnetic susceptibility per site, χ(x), by
Consequently, we have
We now extract the impurity susceptibility χ imp induced by the spin-1/2 impurity of parameter x. We first define the impurity magnetization s z imp (x) by
Here, Ns z (x) gives the total magnetization of the XXZ spin chain with the impurity parameter x. We also express it by S z tot = Ns z (x). We define the impurity susceptibility χ imp (x) by
The impurity susceptibility is therefore given by
3.4 Local magnetization at the impurity site
Derivation through the algebraic Bethe ansatz
Let us now derive the local magnetization at the impurity site, s
, under a small magnetic field h at zero temperature. We take the expectation value of the local operator σ z 1 for the ground state under the magnetic field h. Here we remark that if the magnetic field is zero, the local magnetization at the impurity site vanishes.
We now define the monodromy matrix of the spin-1/2 XXZ spin chain by the Nth product of the R matrices R 0j (λ − ξ j ) for j = 1, 2, . . . , N:
where ξ j (j = 1, 2, . . . , N) are the inhomogeneity parameters given by ξ 1 = iζ/2 − x and ξ 2 = ξ 3 = · · · = ξ N = iζ/2. We define the operator-valued matrix elements of the monodromy matrix by
Let us denote the ground state under a small magnetic field h by |Ψ g,h . We express the ground-state solution of the Bethe-ansatz equations with M down spins under a magnetic field h as λ b for b = 1, 2, . . . , M. We have
where |0 denotes the vacuum state, which has no down spin. The Hermitian conjugate vector is given by
We therefore define the impurity local magnetization s
We now evaluate it through the expectation value of the local operator e 
where function ρ(λ) is defined by
Putting the ground-state solution under a magnetic field, {λ a }, with z 1 = x and z 2 = · · · = z N = 0, we have and Slavnov's scalar product formula we can show
Here ρ I (λ, x) denotes the solution of the integral equation
and the matrix elements of the
Analytic expression of the impurity local magnetization for small |x|
Let us consider the case when the absolute value of the impurity parameter x is small enough with respect to a given value of magnetic field h. We assume that it is much smaller than the Fermi point B: |x| ≪ B, where B is related to the magnetic field h by (3.29) . In this case we solve eq. (3.47) by the Wiener-Hopf method. We define ρ I 0 (z, x) by the solution of the integral equation (3.47) with B = ∞. Explicitly, we have ρ I 0 (z, x) = σ 0 (z + x). We define function y I (z, x) by
Since the equation (3.47) does not change by replacing z and x by −z and −x, respectively, we have y I (z, −x) = ρ I (−z − B, x). We now define functionsy
By solving the integral equation
we evaluate e 22 1 g,h through the following:
We thus obtain the analytic expression of the impurity local magnetization
Here we recall that the magnetic field h is related to the Fermi point B by (3.29) . The analytic expression (3.53) of the impurity local magnetization is consistent with the impurity susceptibility (3.35). Therefore, it follows that the identification of the impurity contribution to the magnetic susceptibility in terms of the Bethe ansatz equations is valid. Here we remark that expression (3.53) is valid only when the absolute value of impurity parameter x is small enough such as |x| < B so that we can apply the WienerHopf method to solve the integral equation (3.47).
Pseudo-decoupled case
Let us now consider the case when the absolute value of the impurity parameter x is large. For instance, we assume that it is larger than the logarithm of the system size N: |x| > ln N. It follows that we have exp(−x) < 1/N, and the energy gap due to the exchange interaction between the impurity site and the neighboring sites is smaller than the bulk excitation energy gaps, which are of the order of 1/N, and hence can be neglected with respect to them. Here we remark that the energy gap in the bulk chain consisting of the (N − 1) sites, which corresponds to the bulk part H N −1 (0) in eq. (1.2), is given by the order of 1/N, since the bulk spectrum is gapless in the large-N limit. Then, the mixing of such eigenstates with a up spin on the impurity site and those with a down spin there does not occur very much. Consequently, the impurity local magnetization should be approximately given by the largest value 1 for such an eigenstate that has almost an up spin on the impurity site, while it is given by −1 for such an eigenstate that has a down spin on the impurity site. Under a small magnetic field, the former states are preferred since the number of down spins are less than in the half-filling case (i.e., M < N/2), and hence down spins tend to be located on the bulk part due to anti-ferromagnetic interactions.
If the absolute value of the impurity parameter x is very large such as x ≫ ln N and x ≫ B, we can show that the impurity local magnetization, σ z 1 g,h , approaches the largest value 1 exponentially with respect to the impurity parameter x. The right hand side of the linear integral equation (3.47), which gives the source term to it, is proportional to exp(−2x) if impurity parameter x is very large such as x ≫ B. Therefore, we have e Let us show that the impurity local magnetization becomes easily saturated even with an infinitesimally small magnetic field, if pseudo-decoupling occurs. In fact, even if the absolute value of the impurity parameter x is very large such as x ≫ ln N, we can take a very small magnetic field h such that the value of the Fermi point B is much larger than |x|. Then, we can apply the Wiener-Hopf method to the integral equation (3.47), and we obtain the expression (3.53) of the impurity local magnetization for a very small magnetic field h with a large value of x.
We now estimate the small magnetic field h for which the expression (3.47) is valid in the case of pseudo-decoupling. If we determine the magnetic field by 2h(M) = E(M − 1) − E(M) in the N-site chain with M − 1 down spins, then h(M) is given by of the order of 1/N. However, the magnetic field is much smaller than O(1/N) if pseudo-decoupling occurs. Let us now assume the following conditions:
where p 0 = π/ζ. For instance, p 0 = 3 for ζ = π/3. We suggest that the magnetic field h which triggers the impurity local magnetization is given by h < 1/N 3 , which is very small. We thus expect that if we add a small magnetic field h such as h ∼ 1/N 3 , then the local magnetization at the impurity site readily approaches the largest value 1. Let us now confirm the analytic results of the impurity local magnetization by numerical data. We plot the numerical estimates of the local magnetization at the impurity site, σ z 1 g,h , against the impurity parameter x in the case of N = 10 in Fig. 3 . The estimates are evaluated by numerically diagonalizing the Hamiltonian H XXZ (x) with N = 10.
Numerical estimates of the impurity local magnetization
For small values of the impurity parameter x, the impurity local magnetization, σ z 1 g,h , is proportional to the magnetic field h, and it increases with respect to x similarly as cosh πx/ζ. However, for large values of the impurity parameter x, it approaches the largest value 1.0. Moreover, under an infinitesimally small magnetic field h, the impurity spin takes very quickly a positive large value less than 1.0 . We also observe that it vanishes under zero magnetic field for any values of the impurity parameter x.
Numerical estimates of the impurity susceptibility
We now evaluate numerically the magnetic susceptibility by calculating the energy eigenvalues through solutions of the Bethe ansatz equations. For a given number M satisfying M ≤ N/2 we solve the BAE (2.6) for the ground state with M down spins, and evaluate the ground state energy E(M) through the solution by making use of eq. (2.9). We also evaluate the energy E(M − 1) for the ground state with M − 1 down spins. Then, we determine the magnetic field h(M) by the following relation:
(3.56)
Here we recall that the total magnetization S z tot is given by S z tot = (N − 2M)/2 in the case of M down spins. We define the total susceptibility χ tot (M) under magnetic field h(M)
We can evaluate the susceptibility at h = 0, i.e. χ tot (M) for M = N/2, by taking the difference through eq. (3.57). It is close to the definition (3.31) of the susceptibility by the derivative of 2S z tot with respect to magnetic field h. The susceptibility per site χ(x) is given by χ(x) = χ tot /N. We then evaluate the impurity susceptibility χ imp (x) from the total susceptibility χ tot by the following relation: χ tot = (N − 1)χ(0) + χ imp (x).
1
In Figs. 4 and 5 the numerical estimates of the impurity susceptibility χ imp (x) at h = 0 are plotted against impurity parameter x. The graph is downward convex in the small range of x such as |x| < 1 as shown in Fig. 4 . When the absolute value of x is small, the impurity susceptibility χ imp (x) increases with respect to the absolute value of impurity parameter x, and we consider that it is due to the Kondo effect. When |x| is large, however, χ imp (x) has double peaks around at x = ±2 as shown in Fig. 5 . Furthermore, the impurity susceptibility χ imp (x) almost vanishes when the absolute value of x becomes very large such as x = ±10.
Let us explain the reason why the impurity susceptibility χ imp (x) vanishes for large values of |x|. The estimates of the impurity susceptibility χ imp (x) for |x| > 2 plotted in Fig. 5 correspond to the impurity local magnetization σ z 1 g,h with large absolute values 1 Numerically we have evaluated the susceptibility χ tot at h = 0 and then the impurity susceptibility χ imp (x) at h = 0 as follows. We make a graph of magnetization 2S Z = N − 2M versus h(M ), and interpolate the data points of 2S z versus h(M ) as a polynomial of h of some degree. We employ the coefficient of the h-linear term as the susceptibility χ tot at h = 0. Here we remark that the total susceptibility χ tot is O(N ), i.e. of the order of the system size N . We repeat the evaluation of χ tot for different values of the system size N , and plot the total susceptibility divided by N , χ tot /N , against the inverse of the system size, 1/N . Then, we interpolate the data points of χ tot /N versus 1/N as a polynomial of y = 1/N of some degree and employ the coefficient of the y 1 term as the shift ∆χ = χ imp (x) − χ(0). By adding the susceptibility per site with no impurity, χ(0), to it, we obtain χ imp (x). of impurity parameter x as shown in (3.54). They are also shown in Fig. 3 . We suggest that the coefficient of the h-linear term in the total susceptibility χ tot gives the derivative of the impurity local magnetization at a nonzero value of magnetic field h: h > 0, which decreases exponentially with respect to impurity parameter x. . Extracted from the data for N = 30 ∼ 100 interpolated with N = ∞.
The graph of the analytic formula of the impurity susceptibility (3.35) is shown together with the numerical estimates of the impurity susceptibility χ imp in Fig.4 . When the absolute value of impurity parameter x is small such as |x| < 1, the analytic formula and numerical estimates are completely consistent as shown in Fig. 4 . The numerical estimates (blue dots) are located exactly on the theoretical curve (red line). However, they become different as the absolute value of the impurity parameter x increases, for instance, |x| is lager than 2 or 3, as shown in Fig. 5 .
By applying the Wiener-Hopf method formulated in Ref. [36] we can show that the xdependence of the susceptibility per site χ(x) changes if we add higher-order terms with respect to the expansion parameter exp(−πB/ζ). However, it seems that the same xdependence as in eq. (3.35) is reproduced for the impurity susceptibility at zero magnetic field since higher-order terms as in Ref. [36] do not remain when h is small. In Ref. [23] , it is stated that the impurity susceptibility χ imp should depend on the parameter x such as exp (π|x|/ζ) in terms of the notation of the present paper, which is different from cosh (πx/ζ). However, the exponential dependence is not exact as an analytic solution in the Wiener-Hopf method. Furthermore, it is not consistent with the numerical estimates of the impurity susceptibility χ imp even for small x (see also Fig. 4 ).
Specific heat due to impurity 4.1 Thermal Bethe ansatz
We now evaluate the specific heat by solving the truncated integral equations of the thermal Bethe ansatz [29, 30, 31, 32] . We show explicitly how the specific heat depends on the impurity parameter x. We restrict the anisotropy parameter ζ as ζ = π 3 throughout this section.
Let us consider the string solutions for the BAE at ζ = π 3
. It is known that there are only three different types of solutions z j (j = 1, 2, 3) for ζ = . Explicitly, we have
where each z R j gives the real part or the center of the string solution z j . We remark that sinh(z ± ζ 2 p 0 i) = ±i cosh z. In terms of string solutions the BAE is now expressed as follows.
Here, unknown functions ρ j (z) and ρ h j (z) denote the particle and hole densities, respectively, with respect to the real part z R j of the string solutions z j , and the symbol f * g denotes the convolution of given functions f and g. The functions a j (z) for j = 1, 2, 3 are given by
where q j are given by q 1 = 2, q 2 = 1,
The matrix T is defined by
Here we remark that a 1 and a 2 are the same functions, as defined by (3.3) . By making use of the identity
we reduce the number of equations of (4.2) from 3 to 2.
Let us now express physical quantities in terms of ρ j (z) and ρ h j (z). The energy of this system is described by
where κ is given by κ = −π sin ζ, (4.8) and the entropy is expressed as
Let us take the free energy f = e − T s (T : temperature) with respect to ρ j under the conditions (4.2). Then, it is clear that the thermal equilibrium condition δf = 0 is equivalent to
where functions η j are defined by
The impurity parameter x does not remain after by taking the variation with respect to ρ j and ρ h j under the constraint of BAE (4.2), and hence the above equations are the same as those of the homogeneous spin-1/2 XXZ spin chain. By putting them back to the free energy, its final form is given by the following:
Equations (4.10) are solved numerically [31] . As we said before, j = 2 and j = 3 indicate the same equation. Only two of the three eta-functions are independent and the equations can be reformulated as follows.
where h j and the Fourier transforms of b j are given by
Explicitly we have
Here, the expressions of functions b j are specific to ζ = π 3
. In terms of these functions, the free energy is written by
The specific heat is calculated by the same approach. Let us set the following quantities:
Then, the specific heat (c(x, T ) =
During the procedure, we also have its energy
The equations for u j are given by 22) and those for v j by
Specific heat with an impurity near zero temperature
The low temperature behavior of the specific heat is important when we consider the Wilson ratio defined by eq. (1.1). We shall suggest in §5 that it is universal at low temperature if |x| is small.
The specific heat per site c(x, T ) at low temperature T = 0.001 is plotted against the impurity parameter x in Fig. 6 . At x = 0 the graph is convex and almost flat, i.e. the value of the specific heat c(x, T ) does not change very much near x = 0. However, it has two peaks at x = 2 ∼ 3 and x = −3 ∼ −2. If the absolute value of x is larger than the peak positions x ≈ ±3, the specific heat of the total system Nc(x, T ) reduces to the value of (N − 1)c(0, T ), i.e. equal to the specific heat of the remaining N − 1 sites with no impurity. We shall give the reason why it reduces to that of the N − 1 sites, shortly (see also Appendix B).
In Fig. 6 the spin degree of freedom on the impurity site effectively vanishes when the absolute value of parameter x is large such as |x| > 4. We suggest that it is a consequence , N = 100. Red curve is given by eq. (4.24).
of pseudo-decoupling of the impurity spin and the many-body effects of the XXZ spin chain. Here we recall the arguments with eq. (1.2).
In Fig. 7 the graph of the specific heat per site c(x, T ) at low temperature with T = 0.001 against impurity parameter x is drawn in the neighborhood of x = 0. Here the scale of parameter x is magnified by twenty times from that of Fig. 6 . We observe in Fig. 7 that the numerical estimates of the specific heat c(x, T ) in the interval [−0.3, 0.3] near the origin of x = 0 are fitted as a function of x completely to the following analytic expression:
Here we have no fitting parameter. We remark that the x-dependence of the specific heat c(x, T ) is exactly the same as that of the magnetic susceptibility at zero temperature. The specific heat (4.24) reduces to the low-temperature result of the homogeneous XXZ spin chain (see e.g. [30] ), when we put x = 0 into it. Let us define the shift of the specific heat per site with impurity x at a low temperature T from that of the homogeneous chain, ∆c(x, T ), by
It follows from eq. (4.24) that we have
We suggest that expressions of (4.24) and (4.26) for the low-temperature specific heat per site and the difference from its bulk value, respectively, should be valid for any value of ζ in the massless regime, although we have evaluated them only for the case of ζ = 
Impurity specific heat at finite temperatures
We now investigate the temperature dependence of the specific heat and the entropy. We evaluate the entropy by s = (e − f )/T from the energy e and the free energy f . We shall show that the impurity spin has two effects in finite temperatures: the Kondo effect in low temperature and the freezing effect through pseudo-decoupling of the impurity spin in high temperature.
We denote the specific heat on the impurity site with parameter x at temperature T by c imp (x, T ). We call it the impurity specific heat. We define the impurity specific heat c imp (x, T ) by the following equation:
Here we remark that the specific heat of the total system C tot (x, T ) is given by Nc(x, T ):
If the absolute value of parameter x is small and the temperature T is low enough, the analytical expression of c imp (x, T ) is derived from that of the specific heat per site c(x, T ) (4.24) as follows.
We now introduce the impurity entropy s imp (x, T ). Similarly as the impurity specific heat c imp (x, T ), we define it by
Here we remark that the entropy of the total system, S tot (x, T ), is given by the following: S tot (x, T ) = Ns(x, T ). Let us show numerical results. The numerical estimates of the impurity specific heat c imp (x, T )and the impurity entropy s imp (x, T ) are plotted in Figs.8 and 9 , respectively. We have several important observations: (i) The impurity specific heat c imp (x, T ) has a peak approximately at T = 0.4 in Fig.8 for small absolute values of parameter x such as |x| = 0.3; (ii) The impurity specific heat c imp (x, T ) grows linearly with respect to the temperature T near zero temperature, and the gradient of the linear specific heat becomes larger as the impurity parameter x increases; (iii) The peak position of the impurity specific heat c imp (x, T ) shifts to lower temperatures as the impurity parameter x increases; (iv) The peak value of the impurity specific heat c imp (x, T ) decreases as the peak position shifts to lower temperatures.
We now argue that the Kondo effect leads to the peak in the graph of the impurity specific heat c imp (x, T ) versus temperature T shown in Fig. 8 . We recall that the Bethe ansatz equations (2.6) in the XXX limit with x = 1 are quite similar to those of the Kondo model [5] . We therefore conclude that the peak in Fig. 8 is due to the Kondo effect. Furthermore, it seems that the increase of the gradient of the impurity specific heat c imp (x, T ) at low temperature is consistent with the analytic expression (4.28) .
In high temperatures such as T = 1.0, the impurity entropy s imp (x, T ) approaches the value ln 2 ≈ 0.69 for x satisfying 0 < x ≤ 3.0, as shown in Fig.9 . It is standard that the impurity spin becomes thermally independent of the other spins in the chain in high temperature when the absolute value of impurity parameter x is small such as |x| ≤ 3.0. It is simply due to thermal fluctuations. However, the impurity entropy s imp (x, T ) in high temperature decreases as the absolute value of impurity parameter x increases when it is large such as |x| = 10, as shown in Fig. 9 .
Let us consider the decrease of the impurity entropy s imp (x, T ) in the high-temperature regime when the absolute values of parameter x is large. We suggest that it is due to the effective freezing of the impurity spin, which is a result of pseudo-decoupling of the impurity spin and the many-body effect in the XXZ spin chain.
By comparing the specific heat shift ∆c(x, T ) with the bulk specific heat c(0, T ) we can show explicitly that freezing of the impurity spin occurs when the absolute value of impurity parameter x is large. We show it in Appendix B through graphs of the specific heat shift ∆c(x, T ) versus temperature T for x = 20.
Crossover temperature
Let us now determine the crossover temperature between the two regimes with respect to temperature: the low-temperature regime where the Kondo effect is dominant and the high-temperature regime where pseudo-decoupling or freezing of the impurity spin is dominant. We have the whole picture of the finite-temperature behavior of the XXZ impurity model if we combine the two effects: the Kondo effect in low temperature and pseudo-decoupling of the impurity spin in high temperature.
The numerical estimates of the specific heat shift ∆c(x, T ) are plotted against temperature T in Fig.10 . Each dotted curve shows the graph of the data with a fixed value of the impurity parameter x. We suggest from the graphs of Fig. 10 that we can determine the crossover temperature systematically. In fact, the values of the specific heat shift ∆c(x, T ) are not always positive. It can be negative in high temperature, while it can be positive at low temperature for small absolute values of parameter x. We consider that the Kondo efffect occurs if the specific heat shift ∆c(x, T ) is positive; the freezing of the impurity spin occurs if the specific heat shift ∆c(x, T ) is negative. The graphs of the specific heat shift ∆c(x, T ) versus temperature T for much smaller values of x are shown in Fig. 11 . Even if the absolute value of x is small, the specific heat shift ∆c(x, T ) may be negative in high temperatures. When the absolute value of parameter x is small, a peak due to the Kondo effect appears at low temperature in Figs.10 and 11. We define the crossover temperature by the temperature at which the specific heat shift ∆c(x, T ) vanishes. If the shift ∆c(x, T ) is negative, we consider that the freezing effect through pseudo-decoupling of the impurity spin is more dominant than the Kondo effect. If the shift ∆c(x, T ) is positive, we consider that the Kondo effect is more dominant than the freezing effect through pseudo-decoupling of the impurity spin.
We plot the estimates of the crossover temperature T X as a function of the impurity parameter x in Fig. 12 . Furthermore, we find that the following formula gives a good fitting curve to the numerical estimates of the crossover temperature:
where the best estimates of parameters a and b are given by a = 0.269 and b = 1.160, respectively. It is suggested from the impurity susceptibility (3.35) that the Kondo temperature T K is given by T K ∝ 1/ cosh(πx/ζ). However, the numerical estimate of parameter b of crossover temperature T X in (4.30) is given by almost half the value of π/ζ = 3. Thus, the functional form of the crossover temperature T X is the same with the Kondo temperature T K , while the estimate of the parameter b is different.
Wilson ratio
5.1 Universality at low temperature for small |x| Let us recall that we have defined the Wilson ratio by eq. (1.1), which is given by the ratio of the impurity magnetic susceptibility χ imp (x) to the impurity specific heat c imp (x, T ) with some normalization factor. We also recall that the impurity susceptibility is given by eq. (3.35) as
We have shown in §4 that when the absolute value of the impurity parameter x is small, the impurity specific heat c imp (x, T ) is given by eq. (4.28) for low temperature. Thus, by making use of (3.35) and (4.28), we evaluate the Wilson ratio (1.1) in the XXZ impurity model for small x at low temperature T by
We observe that the Wilson ratio r does not depend on the impurity parameter x. Therefore, the Hamiltonians of the XXZ impurity model with the same value of ζ but different values of x are classified in the same universality class. Furthermore, the Wilson ratio (5.1) is expressed in terms of the dressed charge Z as
Here the dressed charge Z denotes the dressed charge function Z(λ) evaluated at the Fermi point: Z = Z(B). The dressed charge Z(λ) is defined by the solution of the integral equation [34] :
It is shown in Ref. [34] that by applying the Wiener-Hopf method to eq. (5.3) for very small magnetic field h we have
Therefore, we obtain relation (5.2). The Wilson ratio of the XXZ impurity model (2.10) is expressed in terms of the dressed charge of the XXZ spin chain.
From the CFT viewpoint we give a physical argument for the Wilson ratio expressed with the dressed charge (5.2) at low temperature for small |x| in Appendix C.
Numerical estimates of the Wilson ratio
The numerical estimates of the Wilson ratio are plotted in Fig. 13 against impurity parameter x. Here we have evaluated the Wilson ratio numerically by making use of the estimates of the impurity susceptibility χ imp (x) of Fig. 5 in §3 and those of the impurity specific heat c imp (x, T ) at low temperature with T = 10 −3 in §4. For small absolute values of impurity parameter x such as |x| < 1 the Wilson ratio is almost constant with respect to x and is approximately given by 3.0. We suggest that the low-temperature impurity effect with small |x| should be due to the Kondo effect and the Wilson ratio is consistent with eq. (5.1). The universality class is described by the XXZ coupling through the dressed charge as shown in eq. (5.2). Here we recall that the estimated largest value of x for which thermodynamic expressions should be valid is given by x = 1.2 from Fig. 1 . It is also consistent with the range of impurity parameter x where the estimate of the Wilson ratio is given by the universal value.
For large absolute values of impurity parameter x, however, the Wilson ratio is not constant with respect to x and not given by 3.0 even for ζ = π/3, as shown in Fig. 13 . We suggest that when the absolute value of impurity parameter x is large, the effect of the spin-1/2 impurity is not only given by the Kondo effect but also by other effects such as freezing of the impurity spin as discussed in §3 and §4. The Wilson ratio is not given by a simple value for large |x|, since the different impurity effects appear simultaneously. through numerical estimates of χ imp (x) and c imp (x, T ).
For the first factor of (A.1) we have
where Π 2···N denotes the cyclic permutation operator, which is also expressed as the product of permutation operators: Π abc···d = P ad · · · P ac P ab . For the second factor of (A.1) we have Here, we used the abbreviationǍ i,j := P i,j A i,j .
• For n = 2 we have tr 0 [P 0N · · · P 03 h 02 R 01 (x)] = Π 3···N h N,2 R N,1 (x). (A.7)
Then, by applying the inverse of (A.2), we have We now express expression (A.11) in the form of matrices. The third term of (A.11) is exactly the same matrix which appears in the XXZ Hamiltonian. Actually, we have − S z N ) [1] .
(A.14)
By a straightforward calculation, we derive the rest of (2.10).
B Freezing through pseudo-decoupling for large x
We now show numerically that the freezing effect occurs through pseudo-decoupling. Let us consider the case of large parameter x. The specific heat shift ∆c converges to a function of temperature T as impurity parameter x becomes very large.
In the case of x = 20 the graph of ∆c versus T is shown in Fig. B.1 . The graph is precisely given by the same graph as − 1 N c(0, T ) versus T . It is shown in Fig. B.3 that ∆c(x, T ) and −c(0, T )/N coincide completely as functions of T . Here we recall that c(0, T ) denotes the specific heat of the homogeneous XXZ chain with no impurity, while N is the total number of lattice sites.
Thus, the impurity spin is completely frozen up when parameter x is very large such as x = 20.
C A possible CFT argument for the Wilson ratio
Let us explain the Wilson ratio (5.2) expressed in terms of the dressed charge through a physical argument based on the possible CFT. We assume that the low-lying excitation spectrum of the XXZ spin chain with the spin-1/2 impurity is described by a CFT.
We first derive the ratio of the bulk susceptibility χ s to the bulk specific heat C. The magnetic susceptibility χ bulk s of the homogeneous XXZ spin chain with no impurity is given by [34] is the group velocity of spin excitation at the Fermi point: v s = dǫ/dk(B)/2πσ(B) with ǫ(k) being the dressed energy. For the homogeneous XXZ spin chain with no impurity the specific heat C at low temperature is given by
For the bulk susceptibility and the bulk specific heat we thus have We now extend the calculation for the homogeneous chain [34] to the XXZ chain with the spin-1/2 impurity. We thus have For integrable impurity models such as the Anderson and the Kondo models the boundary CFT is applied to characterize the impurity susceptibilities of the models [37] . However, it seems that it is nontrivial to show that some conformal field theory describes the low-lying excitation spectrum of the XXZ spin chain with the spin-1/2 impurity.
We remark that the above argument for the Wilson ratio in eq. (C.6) does not depend on the ratio of the impurity group velocity to the bulk one v . However, it is nontrivial to evaluate the impurity contributions χ imp s and C imp so that they are consistent with numerical estimates, as we have shown in §3 and §4 of the present paper.
